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Web Appendix A

Details of the MCMC Algorithm for R-WFMM

We perform a Markov Chain Monte Carlo algorithm to draw samples from the posterior of
the wavelet-space model parameters of R-WFMM, to which the IDWT can be applied to obtain
estimates of the corresponding parameters in the data-space model. The following are the details
of the MCMC. Note that when training the data, we combine the design matrix V' and X together,
and both are treated as fixed effects. Therefore in the following algorithm, the first ¢ rows of B*
will be G*.

Step 0. Initialize {vf}, {v};}, {v/i} and {Aijr}, {@ejr}, {tajr} based on automatic MLE estimation

and set up prior parameters.

Step 1. For each j, k, rescale the (j,k)th column of model (3) in the paper by premultipling by

Aj_kl/z = diag{ Ak}, to obtain
d}, = XJ,bj + ZHuj, + e,
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Step 2.

Step 3.

where df, = A;kl/dek, X = Aj_kl/QX and Z, = Aj_kl/QZ and E, = A.kl/ e}, are weighted
versions of the data and design matrices for wavelet coefficient (7, k). Performance of this

rescaling up front simplifies and speeds calculations in the later steps. We can see that

djk|b]k, ij ~ N(Xjkbjk, E;rk)v with E;_k - ij‘I’jk(Z;k)T + I, where ®;,=diag(¢p;i)p-

For each a, j, k, update B from f(B:l“jk]BEia)jk, ks Dt Vagis dji), where A = { Aije sy,
b = {Pvjrtiey, and dj, = {dyx}i,. This distribution is a mixture of a point mass at
zero and a Gaussian distribution, with the Gaussian probability given by aq;, = Pr{%jk =
HB)()La)jkaAjka¢jk7wajka77ajadjk} = Pr{’yajk 1\d]k,B* a)]k,Ejk,qpajk,yra]} which can be

obtained from the conditional odds ratio:

Pr{’}/a]k - 1|d]k7 B* a)jk> ]ka ¢ajk7 Waj}
Pr{’Yajk = 0|d;}c7 Bz(—a)jk’ ik ¢ajk7 ﬂ-llj}

= Conditional Bayes Factor x Prior Odds.

The prior odds is given by 7,;/(1—m,;), and the conditional Bayes factor is (1+¢ajk/vajk)—1/2

exp{(0 (1 + Vag/Yajn) ™1 /2}, with Vo = (X0} (250 7" X0 ™ Car = Bij/ v/ Vage,
and By, = Vaird X 3T (25) 7 Hd, — X 6BLayn)- Xajx represents the a' column of
Xjk and X ik is X]k with the a™ column removed. Drawing 7,;x ~ Bernoulli(ayj), if
Yajk = 0 we set B;Jk = 0. Otherwise, if 7,5, = 1, we draw B}

ajk from N(pp: , Vp: ), where

pa:, = Bi(1+ Vaji/thay) ™t and Vi = Vi (1 4 Vije/t0a;) ™"

Take note of the form of B;] r» Which is involved in pip- , the conditional mean when 745, = 1.
We see from the X;; (involving A;j) that observations with outlying residuals are down-
weighted. From the expression of Ejk (involving ¢y;x), we see that observations linked to
outlying random effect units are also down-weighted, since the b with large ¢;, have larger

contributions to the variance E;k, and thus are down-weighted by the term (ij) in B;J K

Also, note that this update step was done while integrating out the random effects, which

we have found leads to an improved sampler.

Update uj, from f(uj,|bj,, Ajk, @5, djx), which is given by N(uu* ,Vu;k), where Mo:, =
((ZH)7Z5 + @5 1(Z5)7(d5, — X5By) and Vi, = {(Z5,)7Z, + @}, with &, =

diag{¢p;x };-,. Note from the conditional mean pr, that the A;j, implicit in 7z 7k act as
J



Step 4.

Step 5.

Step 6.

weights on the observations, down-weighting the influence of outliers, and ¢;;; act as prior
variances leading to nonlinear shrinkage of u7;, with wavelet coefficients with larger random

effect magnitudes tending to have larger prior variances, and thus less shrinkage.

*

Conditional on b%,, u}, and the lasso parameters {vf }, {v;},{v};} , update the scaling
parameters {\;jx }i, {Pnjkto and {gjx}a from their complete conditional distributions. We
credit Park & Casella (2008) with demonstrating that the complete conditional of the inverse
of a scaling parameter in the Bayesian lasso model has a closed form expression as an inverse
Gaussian distribution. Based on those results, similar calculations in our setting reveal that
the complete conditional distribution of the inverse of all scaling parameters in the R-FMM

are also inverse Gaussians, specified as follows.

Az;llc|d1]k7 ;Iw u;ka I/jEk ~ IHV—G&USS{\/(VﬁP/(dUk - X?b;k - ZzTu;k)za (VjEk)z}a
Ouiel Ui Vi~ Inv-Gauss{y /(v1)?/ (U, )2, (Vj1,)},
( a]k|Ba]k7 gkvlya]k - 1) ~ Inv- Gauss{ (V ) /(B:]k) ( ﬁc)Q}a

(wajk|B2jk7 Vﬁga Yajk = O) ~ EXp(( ) /2)

Here X7 and ZT are the i'" rows of the design matrices X and Z, respectively. Note that
in the final row above, when ~,;; = 0, the Gibbs update step for v, amounts to sampling
from the mixing distribution, since in that state of the model the distribution is independent

of the data conditional on yffj.

Update the lasso parameters {v;}, {v5}, {v} from their complete conditional distri-

butions. Their squared values are conjugate gammas, i.e., (ij) {Aijr}i ~ Gamma(n +

a®, 370 Nijk/24+07), (V)2 { dwikbs ~ Gamma(m—+a¥, 370" dujr/2+bY), and () [{Wajk ta ~
Gamma(K; + a®, ZkKi1 Vajr/2 + bP), where K is the number of wavelet coefficients at res-

olution level j.

For each a, j, update ma;|[{Vaji }r ~ Beta(d oy Yajr + ™, Kj — D) Yaje + 07).

Repeat Steps 1-6 until reaching a pre-specified maximum number of iterations.



Web Appendix B

Proof of Proposition 1

Proof: For the case of by # by, from Corollary 1 of Nadarajah and Kotz (2005), we have for
Z >0,

f(z) =dF(2)/dz = [p/2+p*/(4(\ = p)) — 1/ (4(X + )] exp{—pz}
+ /(4 + X)) = A/ (AN — )] exp{—Az}.

For Z < 0,
f(z)=dF(z)/dz = [p/2 = /(4N + p)) — p* /(4 — N))] exp{pz}
+ /(40 = X)) + M/ (4N + )] exp{Az}.

Now since the density of DE is defined differently with Nadarajah and Kotz (2005), the A in Corollary
1 of Nadarajah and Kotz (2005) corresponds to 1/b; in our Proposition 1, and p corresponds to
1/by in our Proposition 1. Replacing A = 1/by, u = 1/by, we get for z > 0,

! 1/b3 13
f(z) = hE+MUm—L@)_MUM+U®me—y@}
1/(b1b2) 1/(bibs)
[4<1/b1 F1/by)  4(1/by — 1/b2)] exp{—z/b1}.

For z < 0,
1 1/b2 1/b2
() = [27;2 T Ao+ 1/by)  A(1by — 1/b1)] expiz/b}

1/(b1by) 1/(by1bs)
L(l/bz —1/by) + 4(1/by + 1/51)} exp{z/b1}.

Simplifying the above formula and combine the cases of z > 0 and z < 0, we get the result of
Proposition 1 for by # bs.

In case of by = by = b, we see that X; and X, are i.i.d. DE(0,b). Firstly note that the DE
distribution is a special case of Normal Gamma (NG) distribution with the shape parameter equals

1, and the inverse scale parameter 1/(20?), i.e., a DE(0,b) is a NG(1,1/(20?)). An NG distribution



is defined as the marginal distribution of a scale mixture of Gamma, i.e., § ~ NG(X,1/(2+%)), if
6 ~ N(0,¥) and ¥ ~ Gamma(\,1/(2v%)). The formula of the general NG(\,1/(27?)) density
can be found in equation (3) of [2]. The NG distribution has the property that the sum of two
iid. NG(1,1/(2b%) is distributed as NG(2,1/(2b?)), with the shape parameter doubled. Using
the equation (3) of Griffin and Brown (2010) and applying the formula 10.2.17 in page 444 of
Abramowitz and Stegun (1972) for the simplified Bessel function, we obtain the density for the case

of by = by = b shown in Proposition 1.

Web Appendix C

Classification Performance using WFMM when Ignoring the Random Effects

In the pancreatic cancer application, in order to see what happens if one ignores the random
effects (time block effects), we refitted the GWFMM and RWFMM model without using the block
information (both in training and prediction steps). The models are fitted under the setup where
90% wavelet compression is used, and for both 4-fold cross validation setups(one for in-block clas-
sification and one for out-of-block classification). We denoted the methods of not using random
effects as “GWFMM-90, no RE” and “RWFMM-90, no RE” for the Gaussian model and Robust
model, respectively. The results are compared with all other FMM classification outputs in Table 1.
The corresponding empirical ROC curves are plotted in Figure 3. Both Table 1 and Figure 3 show
that for the in-block classification cases, the prediction performance is systematically degraded if
ignoring the random effects. For the out-of-block classification case, the performance of GWFMM
is similar (with AUC .818 vs. .815) if ignoring the random effects, whearas the RWFMM model
performs worse when ignoring the random effects. In summary, we found that at least for this data,
if random effects present, ignoring them will most likely lead to worse prediction. The prediction
power can be systematically improved if taking into account these effects using the proposed FMM

framework.

Web Appendix D

Allowing the Covariance to Vary by Class



In both the G-WFMM and R-WFMM discussed in Sections 3.1 and 3.2, we assumed that the
distribution of U(t) and E(t) in model (1) were common for all classes. In some settings, one may
wish the random effect and/or residual error covariances to vary across class, which would yield
more flexible classification rules. This has been previously described for the G-WFMM (Morris and
Carroll, 2006) and involves expanding the variance components {g;,}, {55} to {¢;}.°}, {s;3 ), ¢ =
1,...,q. For prediction, the posterior predictive probability needs to be adjusted so that the
corresponding variance components of ¢ = j are used when the likelihood conditions on class
label ¢ = j. In the R-WFMM, we allow the population scale parameters {v/;} and {v{}} to be class
specific, i.e., {Vﬁ’c}, {V](.{C’c},c = 1,...,q. Correspondingly, their Gamma hyper-prior parameters
(o, BF) and (a¥, BY) would also be indexed by c. This involves only minor changes of the previously

described MCMC algorithm. Similarly, for prediction, we need to adjust the DE likelihood by

plugging in the corresponding population scale parameters when conditioning on a particular ¢ = j.
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Empirical ROC Curves for Out of Block Prediction
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Figure 1: (Web figure) ROC plot for out of block prediction.
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Plot of 4 Randomly Selected Real Spectra from Pancreatic Cancer Data
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Figure 2: (Web figure) “Virtual Sepctra” plot.



With and without Random Effects - in Block Prediction ~ With and without Random Effects — out of Block Prediction

1 1
0.8 0.8}
> 0.6 > 0.61
= =
= E=
c c
) &
0.4 0.4}
GWFMM-90
0.2 GWFMM-90, no RE 0.2 GWFMM-90 1
GWFMM-90, no RE
RWFMM-90 RWEMM=90
RWFMM-90, no RE RWFMM-90, no RE
0 : 0 .
0 0.5 1 0 0.5 1
1-Specificity 1-Specificity

Figure 3: (Web figure) Empirical ROC curves for FMM classification either using random effects
or ignoring random effects.



Table 1: (Web Table) Comparison of FMM Classification Results with and without Random Effects

Methods Model Name AUC MisR Sens Spec

FMM GWFMM 0.816 0.270 0.669 0.812

GWFMMy, 0.854 0.211 0.719 0.880

GWFMMgo-NoRE 0.842 0.246 0.691 0.829

In Block RWFMM 0.850 0.231 0.705 0.846
RWFMMy, 0.865 0.215 0.727 0.855

RWFMMg,-NoRE 0.843 0.242 0.712 0.821

FMM GWFMM 0.802 0.273 0.612 0.863

GWFMMy, 0.815 0.254 0.655 0.855

GWFMMg,-NoRE 0.818 0.246 0.698 0.821

Out Block RWFMM 0.838 0.266 0.619 0.872
RWFMMy, 0.830 0.242 0.705 0.829

RWFMMgp-NoRE 0.814 0.266 0.698 0.786
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